Abstract. We consider the problem of how one can estimate the support of Boolean queries given a collection of frequent itemsets. We describe an algorithm that truncates the inclusion-exclusion sum to include only the frequencies of known itemsets, give a bound for its performance on disjunctions of attributes that is smaller than the previously known bound, and show that this bound is in fact achievable. We also show how to generalize the algorithm to approximate arbitrary Boolean queries.
Introduction
Algorithms for mining frequent itemsets continue to be a subject of recent data mining research [GZ03] long after the original publications [AIS93,AMS
+ 96]. Less attention has been received by the question of how one can utilize the frequent itemsets one has mined. The original motivation was provided by association rules, but we claim that the collection of frequent itemsets is good for much more than rule mining: they give us a picture of the joint distribution of the data, and can therefore be used to approximately evaluate Boolean queries over the original data.
The simple idea of approximating exponentially long inclusion-exclusion sums using a small collection of frequent itemsets was considered in [MT96] . Thus the frequent sets can be seen as a condensed representation of the data. In this paper we give a more thorough presentation of the issues involved. We sharpen Theorem 5 in [MT96] , which shows that the approximation error for a disjunctive query is bounded by 2 b−2 /b, where b is the size of the negative border. Here we prove a bound of b b/2 /b, and give a family of examples for which this bound is reached. Our main contribution is the generalization of the discussion to arbitrary Boolean formulas.
Related work includes using maximum entropy to approximate the joint distribution [PMS00, PS01] and linear programming to find upper and lower bounds for queries [BSH04] . These approaches share the problem that they require exponential space in the number of attributes involved. There has also been much work on reducing the size of the itemset collection, such as free-sets [BBR00] and non-derivable sets [CG02] . However, most such work concentrates on algorithms for discovering itemsets, not on using the itemsets obtained to evaluate queries.
The rest of this paper is structured as follows. We start in Section 2 from the almost trivial case of estimating conjunctive queries, introducing notation and showing the general idea of the results that follow. In Section 3 we discuss the much more interesting case of disjunctive queries, and in Section 4 we generalize our results to arbitrary Boolean queries.
The goal of this section is to introduce our notation and the basic task in a simple setting. Throughout the paper, we will denote by U a set of attributes or items, and by r a binary relation over U : that is, r is a multiset of tuples T ⊂ U . Itemsets are arbitrary subsets of U , denoted by X or Y . We will denote by g(X) the fraction of tuples in r that are equal to X, and call this quantity the exact frequency of X. By contrast, the frequency f (X) is the fraction of tuples that contain all attributes in X. Thus
An itemset is called frequent if its frequency is at least a predefined threshold σ. The collection of σ-frequent itemsets is denoted F σ . As is well known, this collection is downward closed : given itemsets X ⊂ Y ∈ F σ , we have X ∈ F σ . We will in general denote by F an arbitrary downward closed collection of itemsets.
The task that we are interested in is estimating the result of a Boolean query ϕ. For now, we let ϕ be simply a conjunction of attributes: let C ⊂ U be any itemset, and let
We say that a tuple T ∈ r supports ϕ, denoted T |= ϕ, if T includes every attribute in the query. The frequency of the query f (ϕ) is the fraction of tuples in r that support ϕ. In the case of conjunctions, one sees immediately that a tuple T supports ϕ if and only if C ⊂ T , and thus the frequency of the query ϕ is equivalent to the frequency of the itemset C.
We can now present the task Approximate Query(F σ , ϕ): given the collection F σ of frequent itemsets, and a Boolean query ϕ, find an estimatef (ϕ) that should be close to f (ϕ). Any solution to this task will be evaluated on its worst-case accuracy, i.e., how far from the actual frequency it can be. The measure of accuracy that we will use is the maximum absolute value of the error e(ϕ) = f (ϕ) −f (ϕ).
It is of course easy to come up with a simple and fairly accurate solution, which we name Truncate Sum (for reasons that will become clear later):f (ϕ) = f (C) if C ∈ F σ , otherwisef (ϕ) = 0. Again, C is the set of attributes in the conjunction ϕ. If C ∈ F σ , we havef (ϕ) = f (ϕ) and therefore e(ϕ) = 0. Otherwise, we know that 0 ≤ f (C) < σ, which implies that |e(ϕ)| ≤ σ. Thus our bound for the maximum absolute error is σ. We have shown the following result:
Disjunction of attributes
In this section we consider the case where ϕ is a disjunction of attributes. The main results are that the worst-case error of Truncate Sum can be bounded by an expression that depends exponentially on the size of the negative border (which will be defined later), and that this worst-case bound cannot be decreased at all: that is, there are collections of frequent sets where the bound holds with equality.
We now investigate queries of the form
A tuple T ∈ r supports the query if at least one of the attributes in D appears in T : in logical notation, T |= ϕ if D ∩ T = ∅. The frequency of ϕ is, again, the fraction of tuples that support ϕ. A basic result in combinatorics is that this frequency can be obtained by the inclusion-exclusion principle:
Here, and in the sequel, we avoid long sum conditions in subscripts by using the "Iverson notation"
[P ] = 1, P is true, 0, P is false, popularized by Knuth [Knu92] . The inclusion-exclusion principle is fine if we know the frequency of every itemset X that is a subset of D. If we do not, our approach is to compute the sum over all itemsets whose frequencies we do know:
The exponentially long sum (1) is truncated to the terms (2) that we know; thus the name Truncate Sum. The error made in the approximation is
where by G we denote the family of non-frequent sets, i.e., the complement of F σ . An intuition for this estimate is provided by the well-known Bonferroni inequalities, which state that if our collection F σ happens to contain exactly the itemsets of size at most k, then the error is bounded by the sum of frequencies of itemsets of size k + 1.
[GS96] The proof is simple, although not entirely trivial: the error consists of exponentially many terms, which happen to mostly cancel out. We would like to prove analogues of the Bonferroni inequalities for our more general case.
We start from a simple upper bound that is not very interesting in itself but will be used in the proof of Theorem 1. Recall that G is the complement of F σ .
Lemma 1. For a disjunction of attributes
Proof. We write the frequency as a sum over tuples:
, and therefore e(ϕ) = |r|
One way of proving the Bonferroni inequalities is based on pairing up most of the tuples in G; we proceed similarly. We first introduce some notation: t = |T |, and t = t/2 . It is well known that the power set P(T ) can be written as a union of disjoint chains, where a chain means a collection C of sets where given any two sets X, Y ∈ C, either X ⊂ Y or Y ⊂ X. [Bol88, Theorem 1 of Section 4] The construction of Bollobás yields chains that are symmetric and consist of consecutive sets: if we write
chain C is of even length, and the alternating sum X∈C (−1) |X|+1 is zero. If d is even, the chains from the construction are of odd length. However, we can remove one attribute A from T , perform the construction on T \ { A } to obtain a collection of
chains, and then add to the collection a duplicate of each chain with A added to every set: the result is a partition of P(T ) into 2
chains, each of which consists of an even number of consecutive sets.
We can thus assume that there is a partition
Every chain C j that is wholly contained in either F σ or G contributes 0 to this sum. Every other chain contributes either 0 or ±1. Therefore,
The claim follows by observing that g(X) = |r|
Recall that the Bonferroni inequalities, which apply to the case where F σ consists of all itemsets of size at most k, give an error bound related to the itemsets of size k + 1. An analogue of the size k + 1 itemsets that is both intuitively appealing and practically useful is the negative border Bd − [MT96] , defined as the family of minimal non-frequent sets:
Note that if F σ consists of sets of size at most k, then Bd − is exactly the family of sets of size k + 1. The practical usefulness stems from the famous Apriori algorithm, which computes the family F σ and finds Bd − as a byproduct of its stopping condition [AMS + 96]. We will prove a lemma connecting the negative border to the error e(ϕ). First, we need to define some more notation: G D is the set of non-frequent subsets of D, 
all subsets of X are in F σ , and therefore X is minimal also in G. We will also need the concept of exact frequency of X relative to D, defined for X ⊂ D as the fraction of tuples whose intersection with D is X, which we can write as
Lemma 2. Consider the query
To illustrate the lemma, consider some simple examples. If Bd − D consists of a single set B = ∅, the error is an inclusion-exclusion sum
which is of course exactly the expression for (−1)
We can use inclusion-exclusion to decompose the condition on X:
Thus we can break the formula for e(ϕ) into three components, which sum up to g D (B 1 ), g D (B 2 ) and −g D (B 1 ∪ B 2 ). The proof of the lemma is a straightforward extension of this idea.
Proof of Lemma 2. The error is given by
We can rewrite the condition X ∈ G D in terms of the minimal sets in G D as follows: We have X ∈ G D if and only if X ⊃ B for some B ∈ Bd − D . We apply inclusion-exclusion on the Iverson function:
Plugging this in the error sum (4) and changing the order of summation, we obtain
It now suffices to show that for Y ⊂ D,
for then letting Y = E yields (3). This is an easy exercise in inclusion-exclusion: given a tuple T ∈ r, write T = R∪S with R ⊂ D, S ⊂ U \D. The tuple will contribute (−1) |R| to all terms corresponding to X ⊂ R ∪ S. In the case R = Y , the contribution is exactly (−1) |Y | ; otherwise, the contributions cancel out.
Based on the lemma, we can prove an analogue to the Bonferroni inequalities that gives, however, rather larger bounds than the Bonferroni case. 
Proof. Arrange the sum (3) in the form
For the coefficients ν(X) we have
|E| .
In this sum, the condition E = X defines an upwards-closed subfamily of the powerset of Bd We have for the coefficients µ(X)
Using the inequality f (X) < σ for X ∈ Bd − , we can obtain a form of the bound that is independent of the actual frequencies of sets in the border.
Corollary 1. For a disjunction of attributes
Thus, the bound depends superpolynomially on the size of the border. A natural question is whether the bound can be decreased. We will next show that the answer is negative: the bound is in the worst case tight. The example will have a small negative border. The key part in the proof is constructing the family F σ so that when Lemma 1 is used in the proof of Theorem 1, equality holds. This is the case when the minimal families E ⊂ Bd − X that satisfy the condition E = X are exactly of size |Bd
Theorem 2. There exists a set U , a relation r over U , and a downward-closed collection of itemsets F such that for the disjunctive query ϕ = U the absolute error of Truncate Sum is
Proof. Choose integer parameters p > k > 1; p will be the number of sets in the negative border, and we will see later that choosing p = 2k + 1 suits our purposes well. We will need n = p k attributes: let U = [n] = { 1, . . . , n }. We will set up Bd − so that for all families E ⊂ Bd − , |E| ≤ k implies E = U , and |E| > k implies E = U . To achieve this, we first enumerate all the k-element subsets of [p]; there are n of them, and we will name them K 1 , K 2 , . . . , K n in any arbitrary order. Then for all q ∈ [p], we define W q as the set of those i such that q / ∈ K i . Let
Note that Bd − is an antichain, since all sets W q have the same number of elements; thus we can define F as the downward-closed collection of sets that are not supersets of any sets in Bd − , and Bd − will automatically be the negative border corresponding to F. We must now prove the assertion that for E ⊂ Bd − , E = U if and only if |E| > k. Given any collection E of border sets, we can write E = { W q | q ∈ Q } for some index set Q ⊂ [p]. If |E| = |Q| ≤ k, some set K i must be a superset of the index set Q, since we have enumerated all k-element subsets of [p] . But then we have that i / ∈ E, and thus E = U . Conversely, if E = U , there must be some i / ∈ E, and therefore for all q ∈ Q we must have q ∈ K i , because i / ∈ W q . But this means that Q ⊂ K i , and therefore |E| = |Q| ≤ |K i | = k. We have thus shown that E = U if and only if |E| > k.
We will let ϕ = U over all the attributes. Thus, the terms g D (X) will be the usual exact frequencies g(X) and the family Bd − D will be the usual negative border Bd − . We will also let g(U ) = 1 and g(X) = 0 for all X / ∈ F, X = U . We can let g(X) be some sufficiently high number for all X ∈ F so that F = F σ for some σ.
Now we are in a position to apply Lemma 2. The sum over E ⊂ Bd − becomes a sum over those E for which E = U , since g( E) = 0 otherwise. By the construction, these are exactly those E such that |E| > k. Thus
It is an easy proof by induction that
If we now let p = 2k + 1, we have
Since we have f (X) = 1 for all X ∈ Bd − , the frequency sum of sets in the border is
This completes the proof. While the construction creates a small number of sets in the border, there are of course many sets that are "almost" in the border, which is not true in the usual Bonferroni situation. The following theorem is another analogue of the Bonferroni inequalities. Proof. Again, we will write e(ϕ) as a sum over all tuples T ∈ r. We will show that the contribution made by T toward e(ϕ) is bounded by the number of sets in Bd − * that include T , which implies the claimed upper bound.
First of all, if T ∈ F σ , the contribution is zero. Otherwise, the contribution is
Select any attribute A ∈ T , and delete from the sum (6) all pairs
All sets fulfilling both conditions of the sum are in Bd − * ∩ P(T ), and thus the absolute value of the contribution is bounded by |Bd − * ∩ P(T )|. Summing these inequalities for all contributions yields
We have proved two theorems for upper-bounding the absolute error: Theorems 1 and 3. Both theorems are problematic in practice: the bound of Theorem 1 grows exponentially, and the thick border of Theorem 3 can be very large. It would be useful to find a bound for Truncate Sum in-between these two theorems. Note that the construction of Theorem 2 creates a large number of maximal frequent sets. By analogy with the negative border, one can define the positive border Bd + as the collection of these sets. For the construction, Bd + is large and Bd − is small; in many practical cases, Bd + is smaller and Bd − larger. The set Bd + ∪ Bd − is worth investigating, and we conjecture (again [Man02] ) that
General queries
In this section we will generalize the preceding discussion: we will define Truncate Sum for arbitrary Boolean formulas ϕ, and prove counterparts of Lemma 2 and Theorem 1. The bounds provided by these results can be even larger than the disjunction-specific bounds of the previous section. Let now ϕ be an arbitrary Boolean formula, i.e., an expression consisting of negation ¬, conjunction ∧, disjunction ∨ and attributes A ∈ U . We define the semantics of such formulas in the usual way: T |= ϕ if ϕ is true when the attributes are substituted by their values in T . The goal remains the same: to approximate f (ϕ), the fraction of tuples supporting ϕ, given the collection F σ of σ-frequent itemsets.
The support of the query formula can obviously be written as
We denote the coefficients ζ(X) = [X |= ϕ]. What we want to do is write
with suitable new coefficients ξ(X), and then truncate the sum, obtaininĝ
To compute the new coefficients, we can use inclusion-exclusion: since
we have
The required coefficients are thus given by
Lemma 3. When ϕ is an arbitrary Boolean formula with exact-frequency coefficients ζ(X) = [X |= ϕ] and the border Bd − does not contain the empty set,
where ν(X) = (−1)
Proof. The error is
Again we apply inclusion-exclusion on the condition X ∈ G:
Regrouping the terms yields
which is the claim.
To see that this generalizes Lemma 2, let ϕ = D. Then ζ(X) = [X ∩D = ∅]. Consider the sum over Y :
We may assume that E ⊂ X, since the outer sum is taken over E ⊂ Bd , since E ⊂ X. We have shown for all X that
The result of Lemma 2 follows by noting that for
and rearranging terms. The coefficients ν(X) used in the statement of the lemma have already played a role in proving Theorem 1: the key part was showing that |ν(X)| ≤ 2
A natural question then is, how large can |ν(X)| be for general queries? To answer this question, we rearrange the sum as
Denote by S the innermost sum. We can rewrite it in the form
which is seen to be an inclusion-exclusion sum over the upwards-closed subfamily
of the powerset of Bd 
The bound in the general case is even larger than the one in the disjunction case. How close to the bound can we come? Consider the sum (8). The form of the alternating sum over Y suggests that a parity-like function would be a difficult case: if ζ(Y ) = 1 if and only if |Y | is even, the sum becomes
where S is the inclusion-exclusion sum mentioned in the proof of Theorem 4. The bound for |S| used Lemma 1, where it is easy to see that equality holds if the upwards-closed family (9) consists of those sets E ⊂ Bd − X that have |E| = |Bd − X |/2 . But for Y = ∅ exactly this is achieved by the construction in the proof of Theorem 2. For larger sets Y ⊂ X, S is smaller; however, this suffices to show that if the statement of Theorem 4 is to be strengthened, one cannot simply decrease the general bound for |S|, but more careful analysis of the double sum (8) is required.
Conclusion and future work
We have described the Approximate Query problem and analyzed the Truncate Sum algorithm, expanding upon the foundations in [MT96] . The results are disappointing in a sense: for the simple-looking query class of disjunctions of attributes, the behavior is not even polynomial in the size of the border. However, this is a worst-case situation that may not be very realistic in practical, sparse datasets. In the proof of Theorem 1, the key inequality (5) is based upon bounding the ratio |ν(X)|/µ(X). However, the ratio is multiplied by the quantity g D (X), the exact frequency of X when the data is projected to the attributes in D, and in sparse data it is reasonable that this quantity should vanish for most large itemsets X. This observation suggests a modified algorithm: when mining the frequent itemsets, remove from the data those tuples where the ratio would be large, and store them separately; if the data is sparse, there should not be too many of these tuples. Queries can be computed exactly for the difficult, dense tuples, and approximated for the easy part of the data condensed into the frequent itemset representation.
More generally, assume that there is space for storing some extra information along with the frequent itemsets. The question then is, what is a good class of information to store in order to approximate a wide variety of queries?
Another avenue for future research is to use the information inherent in frequent itemsets in some way other than truncating the inclusion-exclusion sum. In the Bonferroni case, Linial and Nisan have shown that if the frequencies are known for sets X with |X| ≥ Ω( |D|), there are good approximations to f ( D) using multipliers other
